It has been suggested that the differences among the observational Type Ia supernovae (SNIa) set can be accounted for by invoking two regimes of propagation of combustion. Normal SNIa should be produced by rapid deflagrations that rapidly propagate across a white dwarf, while dim SNIa should be a consequence of a detonation issued during the contraction phase of a pulsation induced by a very slow conductive deflagration. In this paper, we explore the observational consequences of deflagrations, the properties of which are in between both behaviours. Using different laws for the flame velocity as a function of flame radius, a number of different outcomes were found, including direct explosions ejecting small quantities of 56 Ni, pulsations leading to recontraction and likely reignition of the flame, and a threshold explosion characterized by an extended gravitationally bound phase (several 10 3 s), in which most of the white dwarf matter was ejected by the energy input of radioactive isotopes.
I N T R O D U C T I O N
Type Ia supernovae (SNIa) are among the most energetic events in the Universe. The large energy , 10 51 erg released in an explosion that leads to an SNIa makes them exceptionally suitable to put restrictions on cosmological models. They have been used for a long time to measure the Hubble constant, and also, more recently, to put constraints on the values of the deceleration parameter and the cosmological constant. They also represent a unique opportunity to test current ideas about the evolution of the stars, and the relevant physics.
By definition, Type Ia supernovae are identified by the absence of H lines in their spectra, and the presence of Si lines at lightcurve maximum. It was early recognized that SNIa display very uniform light curves and show very similar maxima. This powerful property of SNIa has also been used in the past to guess the type of particular supernovae when spectral data were lacking. However, SNIa are not completely homogeneous, from the observational point of view.
The existence of different expansion velocities near the maximum of the light curve has been confirmed in a number of cases (Branch 1987; Schneider et al. 1987; Phillips et al. 1987; Branch, Drucker & Jeffery 1988; Barbon et al. 1990; Branch & Tamman 1992) . The existence of light curves with a wide range of shapes has been controversial. While some researchers have found that the observational dispersion in maximum brightness and light-curve width can be explained for most of the SNIa sample taking into account the observational biases (Cadoneau, Sandage & Tamman 1985; Miller & Branch 1990; Branch & Tamman 1992) , others have found evidence of an intrinsic continuous variation on the light-curve shape (de Vaucouleurs & Pence 1976; Pskovskii 1977; Branch 1981 Branch , 1982 Phillips 1993) . However, there are clear examples of SNIa whose magnitude is either too large or too small to be compatible with`standard' SNIa: SN1991T (Filippenko et al. 1992; Ruiz-Lapuente et al. 1992) , SN1988G (Phillips et al. 1987) , SN1991bg (Filippenko et al. 1992 Leibundgut et al. 1993) . Branch, Fisher & Nuggent (1993) and Branch & Khokhlov (1995) proposed sorting the observational sample of SNIa into two categories: typical, bright supernovae which represent a very homogeneous subclass, and which amount to ,90 per cent of the observed events; and subluminous supernovae, whose light curve and spectral properties show a greater scatter. The latter subclass is strongly selected against in magnitude-limited samples, so they are more common in nature than they are in this kind of observational sample. There are exceptions to the proposed classification, the most evident being SN1991T, which, being intrinsically overluminous, is representative of a subclass which is selected for in magnitude-limited samples.
For many years, the most popular model of SNIa has been model W7 of Nomoto, Thieleman & Yokoi (1984) . In this model, the flame starts at the centre of a CO white dwarf, and propagates as an accelerated deflagration. The propagation of the combustion front was modelled using convection mixing-length theory, allowing for a wide fast deflagration when the density at the front was as low as a few 10 7 g cm
23
. This, in turn, resulted in a considerable amount of intermediate-mass elements, mainly Si, in accordance with what had been detected in typical SNIa. Using this model, most observational characteristics of the best-studied SNIa have been explained. Other models based on the same principle (the accelerated propagation of a deflagration through a large fraction of the white dwarf) have also been computed and compared successfully to observations of what are considered standard SNIa [for instance, the fractal explosion model DD4, by Woosley (1991) , in Kirshner et al. (1993) ].
Presently, there are two classes of models proposed to account for low-luminosity SNIa. Paradoxically, both invoke a detonation, which is more violent than a deflagration, but in a lower-density environment. Pulsational delayed detonation was proposed by Khokhlov (1991) . According to this model, the white dwarf fails to explode following the initially slow propagation of the flame, experiencing instead a large pulsation. During the recontraction phase, the density increases and the fuel reignites. Then it is assumed that, as a result of the mixing of fresh fuel with hot ashes during the expansion phase, a detonation is the most probable outcome. The second class of low-luminosity models involves a low-mass CO white dwarf that has gathered a helium external layer by accretion from a non-degenerate companion in a binary system (Nomoto 1980; Woosley, Weaver & Taam 1980; Livne 1990; Ruiz-Lapuente et al. 1993; Woosley & Weaver 1994; Hernanz et al. 1997) . Under certain mass accretion rates, the helium detonates at the base of the accreted layer, which sends converging shock waves into the CO core, that finally ignite C near the centre of the star. The ignition then propagates outwards as a detonation processing the whole star and leaving no remnant. An appealing property of the latter mechanism is that it enables the explosion of a white dwarf independently of its mass, which could help to account for the variety of low-luminosity events.
Ruiz-Lapuente, Burkert & Canal (1995) , and Canal, RuizLapuente & Burkert (1996) studied the correlation between the type of binary system that would be appropriate for the above scenarios, and its host galaxy. They favoured the sub-Chandrasekhar mass models as they could explain the observed variation of SNIa rate with galaxy type as well as the luminosity and expansion velocity dispersion. They also pointed out that CO 1 He star systems should not originate SNIa in E galaxies. Hofflich & Khokhlov (1996) were able to assign specific models to a set of 26 observed Type Ia supernovae (including the whole range of variability of this class of supernovae), based on comparison of calculated and observed monochromatic light curves and spectral expansion velocities. They pointed to the pulsating delayed detonation models as the most probable explanation of the strongly subluminous supernovae SN1991bg, SN1992K and SN1992bc. They concluded that SNIa in elliptical galaxies are associated with the pulsating delayed detonation mechanism. They also argued that He detonations in subChandrasekhar white dwarfs would be very blue at maximum light, owing to heating by 56 Ni decay in the outer layers, in contrast with the observed properties of subluminous supernovae.
Later, Niemeyer & Woosley (1997) re-examined the different explosion mechanisms from a physical point of view. They found that, for a pulsation of the white dwarf to be followed by a detonation upon recontraction of the star, the burning front must reach a density lower than 3 Â 10 7 g cm 23 during the expansion phase. It would be below this density that the mixing and heat sharing between fuel and hot ashes would be efficiently driven by turbulence, getting a`cocktail' ready for detonation initiation. Thus, a large-amplitude pulsation is needed, but one that does not unbind the white dwarf. Consequently, the authors wondered why we do not see supernovae that just barely exploded.
In the present paper we address the issue of the evolution of white dwarfs subject to slow deflagration propagation. Our goal is to find the observational characteristics of bare white dwarf explosions, and compare them to the observational sample of supernovae. In the next sections we describe the main characteristics of the models that have been computed, the hydrodynamic and nucleosynthesis outputs, as well as the light curve resulting from the explosions and a comparison with the SN observational set.
S L OW D E F L AG R AT I O N S I N W H I T E D WA R F S : H Y D R O D Y N A M I C S A N D L I G H T C U RV E S

Initial model and code
The initial model was a white dwarf near to the Chandrasekhar mass, whose central density was 3X55 Â 10 9 g cm 23 , and whose central temperature was 7X5 Â 10 8 K. An adiabatic thermal gradient was imposed at the centre, mimicking the result of a previous convective phase. The composition was half 12 C and half 16 O by mass. The initial model was built in hydrostatic equilibrium, with the technique described by Khokhlov (1991) , in order to avoid spurious oscillations. The mass was distributed in 162 shells with increasing resolution towards the centre and towards the surface. Thus, the outer 10 per cent and the inner 10 per cent of the star were resolved by 41 mass shells, whose thickness varied from 0.14 M ( to a minimum of 2 Â 10 24 M ( . The change in mass thickness was smooth to avoid spurious amplifications of pressure waves.
The evolution of the star after central ignition was followed with the explicit hydrodynamic code described in Bravo et al. (1993) . The equation of state includes the electron gas, with an arbitrary degree of degeneracy and relativity, ideal ionic gas and radiation. Coulomb corrections are also included following Ichimaru, Iyetomi & Ogata (1988) . Radiative transfer is handled in the diffusion approximation, and pseudo-viscosity is included in the momentum and energy equations.
We adopted a simple law for the dependence of the deflagration velocity on the flame radius, which allowed us an efficient search for a model in which the nuclear energy released is such that the white dwarf is in the threshold between a direct explosion and a pulsation followed by collapse and reignition of the fuel. Once a particular model was found which fulfilled this requirement, the explosion was computed again releasing the same amount of nuclear energy instantaneously, to test for the dependence of our results on the assumed functional dependence of the flame velocity on the radius. In the last case, the combustion was not allowed to propagate further, and the hydrodynamic evolution was followed with the flame propagation algorithm turned off.
The velocity of the combustion front was given by the maximum between the conductive velocity (as given by Timmes & Woosley 1992 ) and the turbulent velocity, v turb , parametrized in the following way (Woosley 1986) :
where F and r 0 are free parameters, and v s is the sound velocity. In the present work F 0X3, leaving r 0 as the only parameter that controls the deflagration velocity. In previous calculations, values of r 0 1±2 Â 10 8 cm had been found to give explosions that reproduce qualitatively and quantitatively well the typical SNIa characteristics (see, for instance, Bravo et al. 1990 ). The law adopted for the turbulent deflagration velocity has the property that the front propagates faster as the distance to the centre of the star increases, thus mimicking the acceleration due to the Rayleigh±Taylor instability of the combustion front. No additional Rayleigh±Taylor mixing algorithm was included in our code.
In the study of the hydrodynamical evolution of a white dwarf subject to a slow deflagration it is important that the release of nuclear energy as the front propagates be as continuous and smooth as possible. Thus, to avoid having sound waves propagating up and down through the star because of step-like releases of nuclear energy when the combustion front reaches a new mass shell, we treated the combustion shell in a special way. At each time-step, we computed the actual position of the combustion front and the mass burned since the previous timestep. The final nuclear statistical equilibrium (NSE) state of this mass was then computed assuming isochoric combustion. The internal energy and the pressure of the mass shell that contained the front was then calculated as the mean of that corresponding to NSE matter and that corresponding to the CO fuel, weighted by the fraction of mass burned relative to the mass in the shell. Typical time-steps during the propagation of the combustion front were 1±5 Â 10 25 s, while the size of a mass shell varied from 2X2 Â 10 24 M ( at the centre to 0.01 M ( at halfway to the surface. With these time-steps and the deflagration velocities found during the computation of the different models, the release of nuclear energy in each time-step was about 4±5 orders of magnitude lower than the internal energy of the mass shell, thus ensuring a smooth and gradual input of energy in the structure.
Although the effective flame velocity law given by equation (1) is no more than a convenient parametrization, it provides an excellent representation of the behaviour of more physically based deflagration descriptions. The actual velocity of a deflagration front in dense white dwarf matter is not known. However, based on dimensional analysis, several authors have deduced different, physically appealing, representations of the evolution of the flame velocity. Current estimates of the effective flame velocity are due to Timmes (1994) , Khokhlov (1995) and Niemeyer & Woosley (1997) . These flame velocity estimations are not convergent, and they are subject to a large uncertainty. In Fig. 1 is shown the evolution of the effective deflagration velocities (as a function of density), obtained by the computation of explosion models in which the flame was modelled following the laws given by Timmes (1994) , Khokhlov (1995) and Niemeyer & Woosley (1997) . In the same figure, the best fits given by equation (1) to the flame velocities are shown. It can be seen that the flame velocity evolution can be perfectly fitted by the exponential law. The large discrepancy between the flame velocities predicted by Khokhlov's and Niemeyer & Woosley's laws on the one hand, and Timmes' on the other hand, illustrates the range of variation of the flame velocity that one can expect.
The propagation of a deflagration front through the inner shells of a massive white dwarf leaves behind matter in NSE, composed of a mixture of stable and radioactive nuclei. The main component of this mixture is the radioactive nucleus 56 Ni (which is responsible for the optical light curve of SNIa) provided that electron captures had not decreased the electron mole number much below Y e 0X5 mol g 21 X In our models, electron captures were very efficient near the centre of the white dwarf, owing to the slow propagation of the combustion, with the result that 56 Ni was not the most abundant species there. Below Y e , 0X44 mol g 21 another radioactive species, 66 Ni, was dominant in NSE matter. When the expansion drives the temperature below T & 2 Â 10 9 K the NSE can no longer be maintained, and the composition changes are due exclusively to weak interactions by which the radioactive nuclei disintegrate into their stable isobars. The input of energy coming from radioactive decays can usually be neglected when computing the explosion phase of a supernova model (previous to the light-curve calculation), because its energetic content is small when compared to the kinetic energy q 1999 RAS, MNRAS 308, 928±938 Figure 1 . Evolution of the effective deflagration velocity as given by different authors. The evolution was obtained following the explosion of a white dwarf with the flame velocity law given by Timmes (1994 ± stars), Khokhlov (1995 ± triangles) and Niemeyer & Woosley (1997 ± circles) . In the computation following Timmes' law, a maximum fractal dimension of 2.5 was adopted. In the computation following Khokhlov, the characteristic length L was chosen as the radius of the burning front. In the computation following Niemeyer & Woosley's prescription, the flame velocity was chosen as that corresponding to the Sharp±Wheeler law, which provides a maximum to the velocity of the deflagration. The dashed line is a fit with equation (1) imparted during the high-temperature phase, with the result that the expanding matter enters into a homologous phase before the decays are noticeable. However, in some of the present models, the radioactive input was important for the hydrodynamic evolution as well because of the small kinetic energy associated with the bare explosions we try to compute. The radioactive energy input was added to our models as a heat source in the energy equation of incinerated matter, once it left the NSE. The abundance of 56 Ni and 66 Ni was obtained according to the value of Y e , and the disintegration energy rate was included in our code as explained in the Appendix.
Nucleosynthesis was computed after the hydrodynamic calculation was completed, as explained in Bravo et al. (1993) . Light curves were computed as in this last reference.
Hydrodynamic outputs and nucleosynthesis
The set of computed models is detailed in Table 1 . Each model is characterized by the value of the characteristic distance for deflagration acceleration, r 0 , see equation (1). In the table, M inc is the mass burned to NSE, K 51 is the kinetic energy ± in 10 51 erg ± when the homologous phase has been reached (for the models that succeeded in exploding), and M ej is the ejected mass at the end of the hydrodynamic calculation. The models cover the range from direct explosions (models 3D3, 3F3 and 3H3) to candidates for pulsed delayed detonations (models 3I3 and 3J3), plus a threshold model (3Hb3) that represents the most interesting result of this research.
The binding energy (gravitational minus thermal) of a white dwarf whose central density is 3X55 Â 10 9 g cm 23 , is ,5 Â 10 50 ergX If one assumes that the incineration of C±O matter to NSE releases 7 Â 10 17 erg g 21 , then it is necessary to incinerate a minimum mass of ,0X35 M ( to unbind the whole star. Fig. 2 shows the final distribution of the electron mole number, Y e , for some representative models. As the deflagration velocity near the centre was low, the NSE material was there strongly neutronized and there was no 56 Ni left in the centre after freeze-out. However, about half the mass incinerated in these models was still in the form of 56 Ni. This gives a minimum of ,0X2 M ( ejected as 56 Ni, in each successful explosion.
The difference between the nuclear energy released and the initial binding energy of the white dwarf goes in to kinetic energy of the ejecta. In Fig. 3 is shown the final velocity profile obtained for models 3F3, 3H3 and 3Hb3. As could be expected, the lower the incinerated mass, the lower the mean velocity of the ejecta. However, the distribution of kinetic energy in mass was not uniform and, even for the less energetic events, there was always some fraction of matter strongly accelerated to near 10 000 km s 21 , while most of the matter had velocities well below 1000 km s
21
. We now discuss briefly the main characteristics of the models that gave rise to direct explosions or to pulsations, and, in greater detail, the threshold model 3Hb3.
Direct explosions
Models 3D3, 3F3 and 3H3 succeeded to explode directly, i.e. without any pulsation. Those models are similar to others previously q 1999 RAS, MNRAS 308, 928±938 calculated by many authors and are included here only to illustrate the varieties of outputs obtained when the parameter r 0 is appropriately chosen, and to provide comparison with the threshold model. Indeed, in this aim, it is interesting to look at the hydrodynamic evolution of the mass shells of those models. The evolution of the radius of some selected mass shells of model 3H3 is depicted in Fig. 4 . Models 3D3 and 3F3 had a similar behaviour. Some different phases in the history of the explosion can be recognized in Fig. 4 . During the first second and a half combustion propagated slowly, near to the centre. In all that time the mass shells scarcely changed position. This is the time the central overpressure took to put the whole star in non-negligible motion. As the evolution time was much longer than the sound crossing time (,0X1 s, once the star started expanding the motion affected equally all the mass shells. As densities decreased, the fuel (C1O) and the incinerated (NSE) matter experienced different thermal and pressure histories. The fuel cooled down continuously as a result of the expansion work; the temperature dropping enhanced even more the falling of the pressure. In contrast, the incinerated matter initially took the energy necessary to do the expansion work not from its thermal energy but from its nuclear energy, stored mainly in the form of a particles (in nuclear statistical equilibrium with Fe-peak nuclei). Matter pressure decreased only because of the decrease in density, while the temperature remained nearly constant. The effect on the surrounding fuel material was as if a piston were pushing it. Later, NSE matter recombined into Fepeak nuclei at ,2±2X5 s, afterwards taking the expansion work energy from the thermal reservoir. By that time the star size had increased to more than 4 Â 10 8 cm, and the maximum sound speed had decreased to ,4 Â 10 8 cm s 21 , thus giving a sound crossing time in excess of 1 s. As the incinerated mass was small and the mass surrounding it quite large, the kinetic energy imparted was also low, although efficient enough to accelerate the external lowdensity layers to an appreciable fraction of its sound speed. The result is, as shown in Fig. 3 , a flat velocity profile from the incinerated core (,0X35 M ( in model 3H3) up to $ 1X2 M ( , followed by a sharp rise in velocity in the last ,0X2 M ( X
Pulsating models
Models 3I3 and 3J3 experienced a deflagration slower than the ones discussed in the previous section. As a consequence, the density decreased below 10 7 g cm 23 before the burned mass was large enough to unbind the whole white dwarf. The evolution of the position of some mass shells in model 3I3 is shown in Fig. 5 . When compared to Fig. 4 , it can be seen how the`piston effect' due to matter coming out from NSE is now less evident. The shells just above the incinerated ones were not highly compressed, and they did not reach the escape velocity. A small fraction of the explosion energy was transmitted to a few external layers, which unbind, but the bulk of matter collapsed to high densities after ,200 sX The final outcome of such models critically depends on what happens to the infalling matter, as its density rises above 10 7 g cm
23
. A pulsating delayed detonation seems a probable outcome, but it cannot be ascertained with our present level of knowledge.
Threshold model
Model 3Hb3 was a transition model from 3H3 (direct explosion) to 3I3 (pulsation). It had a slightly faster combustion front than model 3I3 allowing the incineration of an additional ,0X01 M ( , which means an additional release of ,1X4 Â 10 49 ergX This was enough to endow the white dwarf with an expansion phase that, even if it did not unbind the whole star, lasted much longer than that of model 3I3. At t 10 3 s the external layers (,0X13 M ( travelled with a velocity larger than their escape velocity, but the bulk of the matter was still bound with a total energy (thermal minus gravitational) ,21X1 Â 10 49 ergX After a few times 10 3 s, the radioactive energy input from the decay of 66 Ni (half-life of 66 Ni, t 66 2X88 Â 10 5 s) began to be relevant to the dynamical evolution of the remnant. Later, the decay of was needed to make the total energy positive, and unbind the whole white dwarf. In our calculation, this energy was assumed to be deposited locally at this stage of the expansion, as the optical mean free path (considering only Thomson scattering opacity) was still very low, ,100 cmX The evolution of mass shells is displayed in Fig. 6 , together with the position of the combustion front. While the early evolution was very similar to that of model 3H3 (see Fig. 4 ), some interesting features occurred after ,10 3 sX As the energy deposited in matter by thermonuclear processes was very close to that necessary to unbind the star, the shells underwent a large excursion in radius. The upper layers were detached from the remainder of the white dwarf at 10 2 ± 10 3 s, while the remaining material was still with negative total energy, although with a very low gravitational energy. A collapse ensued, although not simultaneously for all the mass shells, the inner ones being the first ones to fall at ,10 3 sX After a brief collapse phase, the inner shells started again to expand vigorously with enough energy to carry off the whole of the star. The succeeding explosion is already evident in Fig. 6 at t 10 5 sX In Fig. 7 66 Ni to be the main contributor to the energy input rate at such an early time. As can be seen in the plot, the energy input was strongly concentrated at the centre of the expanding star, which resulted in a vigorous expansion of the central layers, as is evident in Fig. 6 . At t 2 Â 10 4 s the total energy of every mass shell was already positive, so the explosion left finally no remnant. The mass shells continued interacting hydrodynamically and finally set in a state of homologous expansion, with the velocities shown in Fig. 3 .
The nucleosynthesis produced in model 3Hb3 was very similar to that in models 3H3 and 3F3. The total amount of 56 Fe produced was 0.195 M ( . Owing to the slow flame propagation, electron captures produced substantial amounts of neutronized Fe-peak nuclei, thus giving rise to an isotopic composition completely unlike that in the Solar system. The distribution of nuclei through the expanding star, the low expansion velocities and the small abundance of Si also put this model at odds with typical SNIa spectra. This means that model 3Hb3 does not represent the main class of thermonuclear supernovae, a result already expected. In Table 2 is shown the composition of model 3Hb3 ejecta, after all radioactive disintegrations have taken place. Looking closely at the results presented in the table, it can be seen that many nuclei are synthesized in nearly Solar system proportions with respect to 56 Fe. However, as for a correct comparison of the composition it is necessary to normalize to the species that show the largest overproduction ratio ( 54 Cr, 48 Ca, 50 Ti and 66 Zn), it is clear that explosions like 3Hb3 could contribute appreciably exclusively to the synthesis of such neutronized nuclei.
Expansion of the envelope and light curves
In this section we explore the observational properties of the threshold model, 3Hb3, and also of the direct explosion models q 1999 RAS, MNRAS 308, 928±938 3F3 and 3H3, which will be useful for comparison purposes. These models share fundamental properties with typical SNIa: absence of H and He in the spectra, mechanism of the explosion, mass and characteristics of the progenitor. However, the light curves obtained are more appropriate for Type II and Type Ic SNe. This is a direct consequence of both the low kinetic energy and the small amount of Ni synthesized in the explosion, compared to a`normal' thermonuclear explosion leading to an SNIa. It is therefore worth keeping in mind that the analysis is about a peculiar event, so it is not intended to reproduce the typical SNIa light curve.
The study of the envelope expansion and light-curve formation was made with a code different from that used in the study of the deflagration propagation and initial explosion phase, as explained earlier. The initial model for the light-curve code was usually taken at a time short enough to allow a good pre-maximum lightcurve calculation, but large enough so that a homologous expansion phase had been reached. The exception to this rule was model 3Hb3, which was still not completely in a homologous expansion phase 10 5 s after central ignition. Furthermore, in model 3Hb3, the shock fronts driven by the radiation resulting from the radioactive decay of Ni left behind an irregular density profile, in which two bumps were produced at the top of the 66 Ni and 56 Ni layers. Those interfaces were Rayleigh±Taylor unstable. The Rayleigh±Taylor instability evolution was followed with our lightcurve code following the prescriptions of Sutherland & Wheeler (1984) . The Rayleigh±Taylor instability provided enough momentum interchange between adjacent zones to decelerate the radioactive material efficiently, allowing the establishment of a homologous velocity profile. Another consequence of the instability was some mixing of matter from adjacent layers. Thus, ,4 per cent of radioactive material was finally located at zones moving ,10 3 km s 21 faster. Nevertheless, these effects did not influence the light curve noticeably.
The bolometric light curves obtained are showed in Fig. 8 and the main properties related with them are displayed in Table 3 . The columns are: the maximum bolometric magnitude, M bol ; the time of the maximum, t max ; the decrease in magnitude 15 d after maximum, DM 15 ; the rate of decline of the tail, b tail ; in mag per 100 d; the decrease in magnitude from maximum to the beginning of the exponential tail, DM tail ; and the time, from peak, at which the exponential tail begins, Dt tail . The photospheric properties at peak luminosity are displayed in Table 4 . The meaning of the columns is the following: velocity at the photosphere, v ph ; effective temperature at the photosphere, T eff ; photospheric radius, R ph ; and time of maximum photospheric radius, t max R .
The comparison with observed light curves is not straightforward as observed bolometric light curves are still rare. We may reasonably assume that bolometric and absolute B light curves share most of their properties, at least around the luminosity peak. The maximum magnitudes reached in the models are compatible with subluminous SNIa, with SNIb, SNIc, SNIIP and SNIIL. The shape of the light curves is more stringent. The three models gave quite different light curves. The time of maximum luminosity went from 24 d (3F3) to 68 d (3Hb3), while the width of the maximum ± the time between the beginning of the exponential tail and the point with the same magnitude before the maximum ± ranged from 36 d (3F3) to 71 d (3Hb3).
The shape of the bolometric light curve of model 3F3 is close to the observed bolometric light curve of the`hybrid' SN 1993J, while that of model 3Hb3 recalls the bolometric light curve of SN1987A (Catchpole et al. 1987; Hamuy et al. 1987) , and is also comparable to that of the peculiar SN1909a (see the analysis of Branch 1989, and Patat et al. 1994) . No observed bolometric light curve has been obtained for the slow SNIc (1962L, 1983V, 1990B and 1990U) , but the comparison of the observed B and V light curves (Clocchiatti & Wheeler 1997) with the bolometric light curves corresponding to models 3F3 and 3H3 is interesting. The exponential tail starts in the observed SNe around 30 d after maximum, while for model 3F3 it was 26 d, and 33 d for 3H3. The observed rate of decay on the tail is around 1.8 mag per 100 d in B and 1.3 mag per 100 d in V, while is 1.7 mag per 100 d for 3F3 and 1.07 mag per 100 d for 3H3. In summary, attending to the shape of the light curves, we may say that thè fast' model, 3F3, reproduces slow SNIc or similar objects, while the`slow' model, 3Hb3, may reproduce SNIIP light curves. Of course, the spectra of these objects would be very different, but what we want to stress now is that they could be misclassified as being Type Ic or Type IIp, if the supernovae spectra were not available.
D I S C U S S I O N
Sensitivity of the results to the deflagration propagation law
We have explored the fate of white dwarfs that experience slow q 1999 RAS, MNRAS 308, 928±938 deflagration, searching for the main observational and nucleosynthesis characteristics that such an object would possess. We have paid special attention to a model (3Hb3) in which the combustion was so slow that the white dwarf barely exploded. The inclusion of the radioactive energy input from nuclear statistical equilibrium by-products was carefully taken into account and incorporated in the hydrodynamic code, as its contribution to the explosion development proved to be relevant. The results of the explosion depended on the combustion velocity, and, hence, on the amount of 56 Ni synthesized. If we express those results parametrically, as a function of r 0 (the characteristic length of acceleration of the flame by Rayleigh± Taylor instability, here a free parameter), the following was found.
(i) r 0 , 4X1 Â 10 8 cm: The amount of material burnt was more than 0.35 M ( . An explosion was produced, disrupting the whole white dwarf directly. Depending on the incinerated mass, the explosion was like a typical SNIa, or it was too dim and the luminosity decay rate too slow to agree with SNIa.
(ii) r 0 . 4X5 Â 10 8 cm: The amount of material burnt was not enough to unbind the white dwarf. A pulsation ensued, in which the mass shells reached low (,10 7 g cm 23 densities. A pulsating delayed detonation could be the result, giving a subluminous SNIa light curve.
(iii) 4X1 Â 10 8 cm , r 0 , 4X5 Â 10 8 cm: The amount of material burnt was so close to the minimum needed to unbind the white dwarf that the bulk of matter remained at low densities for a long time, but with a negative total energy. Before the collapse could lead to a high enough density to allow the renewal of the combustion front, the energy input from radioactive nuclei, produced in NSE, led to the expansion and disintegration of the remnant. The resulting light curve had a low luminosity maximum and a wide peak.
In none of the performed calculations did we obtain a lowdensity remnant, that is one whose central density was lower than 10 7 g cm
23
. Either there were pulsations in which the density reached higher values during the collapsing phase, or the radioactive energy input from Ni isotopes was large enough to evaporate the remnant after ,2 Â 10 4 s had elapsed. If the threshold density for a pulsating delayed detonation to ensue is 10 7 g cm
, then there will not be any remnant at all, at neither low nor high density.
To test how much our results were influenced by the specific dependence of the combustion front velocity on radius that has been assumed throughout this paper, we did additional calculations in which the energy was instantaneously deposited at the centre of the white dwarf, at t 0, but without posterior combustion propagation. The amount of energy deposited was equal to the nuclear energy released during the deflagration propagation in the models discussed in Section 2. Actually, what we did was to incinerate to NSE instantaneously the same mass as was incinerated in the previous models. In this way, we have computed the evolution of the star under two extreme perturbations, one of them corresponding to the slow and gradual release of nuclear energy as a slow deflagration propagates through the white dwarf (the models just described in the previous section), and the other corresponding to a sudden release of the same amount of energy near to the centre of the white dwarf. We will refer to these models with the same letter as in Table 1 followed by an`i'. Even if these models are not realistic, because of the way the energy is released at t 0, they provide a measure of the sensitivity of the results to the combustion propagation law. Model Hi (instantaneous release of the same nuclear energy as in model 3H3) produced a 0.101-M ( remnant, whose density remained below 10 4 g cm 23 during subsequent pulsations. Its total energy, however, was very low, E tot 27 Â 10 46 erg, so the radioactive decay of a small fraction of the synthesized 56 Ni is enough to evaporate the remnant. Model Ii left a 0.821-M ( remnant that experienced pulsations. The maximum density reached in those pulsations was always lower than 10 7 g cm 23 , and the total energy was E tot 21X9 Â 10 49 ergX Thus, the radioactive energy input from the disintegration of 0.11 M ( of freshly made 56 Ni would be enough to evaporate the remnant again. Finally, model Ji left a 0.960-M ( remnant, which experienced pulsations that led the density at the fuel±ashes interface to values above 2 Â 10 7 g cm 23 X Such a model is thus a candidate for a pulsed delayed detonation.
The conclusion from the test just described is that the outputs are qualitatively the same irrespective of the way the nuclear energy is deposited on the centre of the white dwarf. Thus, our previous conclusion that no low-density remnant would result is reinforced.
The nature of SN1909a
The light curves we have obtained, as a result of slow deflagration propagation through a white dwarf, range from`peculiar' SNIa to a rather strange light curve (that resulting from model 3Hb3) with a very wide peak (,71 dX One has to wonder why, if they exist, these explosions have not been yet observed.
There are two reasons. First, those explosions must be scarce in nature, even when compared to the not very frequent typical SNIa explosions. The range of the parameter r 0 that led to such explosions 4 Â 10 8 cm , r 0 , 4X5 Â 10 8 cm was small compared to the range that produced more or less normal SNIa r 0 , 4 Â 10 8 cm, as well as that which could give rise to pulsating delayed detonations r 0 . 4X5 Â 10 8 cmX The strongly neutronized Fe-peak nucleosynthesis is another argument that limits the number of these slow deflagrations relative to fast (`normal') ones. Given the overproduction of nuclei such as 54 Cr or 66 Zn, those explosions cannot be produced at a rate larger than ,1a20±1a200 of the SNIa explosion rate.
The second reason why such an explosion has not been observed is because it is strongly selected against in magnitudelimited samples, as a result of its low luminosity compared to normal SNIa and even compared to typical SNII. Model 3Hb3, for instance, is about 2 mag dimmer than normal SNIa. This means that, to show the same apparent magnitude, a 3Hb3-like explosion must be ,2X5 times nearer than a typical SNIa. Hence, in magnitude-limited samples, a volume ,16 times smaller is available to detect a 3Hb3-like explosion than to detect a typical SNIa. Overall, one should expect to find 0±2 events like this in the whole SN observational set.
Given the above numbers, the single observation of one supernova that matched the models described in the present paper would be a strong argument in favour of the occurrence of those slow deflagrations in white dwarfs. As we have argued that this class of explosions can be the`lost link' between pulsed delayed detonations (i.e. models for the typical low-luminosity SNIa) and direct explosions (i.e. models for the typical highluminosity SNIa), its confirmation would as well become an argument in favour of the pulsating delayed detonation scenario.
In this aim, we point out that there is at least one supernova whose characteristics fit very well with the`strangest' of our models, 3Hb3. This supernova is SN1909a, usually classified as peculiar or Type IIP, but only on the basis of its light curve, as there are no spectra of that event (Sandage & Tammann 1974) . SN1909a was discovered by Max Wolf in the galaxy M101 (NGC 5457), in 1909, but it was not recognized as a supernova until many years later. The maximum magnitude reached by SN1909a was 13X47^0X08 (Sandage & Tammann 1974) , and it displayed an extremely wide light-curve peak (of the order of 100 d). Using the distance modulus to the galaxy derived by Kelson et al. (1996) from HST measures of Cepheid variables in M101, 29X340
X17 mag (see also Feldmeier, Ciardullo & Jacoby 1996) , and the blue extinction estimate of Young & Branch (1988) , 0.5 mag, the peak absolute magnitude of SN1909a is 216X4^0X4 mag, in close agreement with our result for model 3Hb3. In Fig. 9 we show the comparison of the 3Hb3 bolometric light curve with the SN1909a observational blue light curve. Even though the magnitudes we compare are bolometric versus blue, the fit is impressive over ,400 d and more than a 4-mag range. Sandage & Tammann (1974) found no satisfactory classification of SN1909a as either SNI or SNII, although they favoured the Type II alternative because of the faint maximum of the supernova compared to`normal' Type I and also because of the assumed homogeneity of SNI light curves. Young & Branch (1988) proposed that SN1909a belonged to the same class of supernovae as SN1987a (thus it would be an SNII) given the similarity of the light-curve shapes. However, they used a distance modulus to M101 of 28.8 mag, much lower than presently admitted. Even admitting the smaller distance, Young & Branch realized that SN1909a was too bright to be compared with SN1987a, which they attributed to a slightly greater amount of radioactive 56 Ni synthesized in SN1909a. With the new distance modulus, the difference in peak magnitude between both supernovae is ,1X5±1X8 mag, too much to group them in the same subclass of supernovae. Interestingly, this difference in magnitude can be attributed to a 56 Ni mass 2.1 times higher in SN1909a than in SN1987a (0.07 M ( ), which gives 0.15 M ( , very close to what we obtained in model 3Hb3 (see Section 2.2.3). In addition, SN1909a was produced in the outskirts of M101 (Young & Branch 1988) . Although not totally disconnected from the arm structure of the galaxy, this location is more characteristic of SNIa than SNII. We conclude that SN1909a might have been a dim thermonuclear supernovae, produced by the slow propagation of a deflagration through a CO white dwarf. Unfortunately, there is no possibility of discerning if this is no more than a speculation or if it is real, owing to the absence of spectral information on SN1909a. However, one thing we know for sure: SN1909a existed. So another explosion like it is a real possibility. As the number of supernovae discoveries is steadily increasing, one can expect that a SN1909a-like phenomenon will be observed and detected in the near future. Then, the spectral information will be of crucial importance.
C O N C L U S I O N S
We have computed the behaviour and the observational display of white dwarfs subject to slowly propagating deflagrations. From the nucleosynthesis point of view, these explosions overproduce, as expected, nuclei such as 54 Cr, 48 Ca, 50 Ti and 66 Zn, which indicates that they must be rare in nature.
The main observational characteristics, like expansion velocity, maximum brightness and shape of the bolometric light curve mimic those of several Type Ic and Type II supernovae, and could be confused with them if the spectra were not available. Selection effects due to their intrinsically low luminosity, and to their small number, could explain why such events have not yet been detected, if they really exist.
Specially interesting is the outcome from model 3Hb3, the model that links the pulsating delayed detonation scenario for subluminous Type Ia supernovae and the direct explosion scenario for typical SNIa. It is characterized by an extended phase, ,10 3 s, in which most of the matter is still gravitationally bound, although it is finally ejected by the energy input from Ni radioisotopes. The resulting light curve is very wide (,40 d and underluminous M bol . 216X8, and it is intriguingly very similar to SN1909a in M101 although, because of the lack of spectral observations, it is not possible to assert that this supernova was actually one of the peculiar events studied in this paper.
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A P P E N D I X A : R A D I O AC T I V E D E C AY A F T E R N U C L E A R S TAT I S T I C A L E Q U I L I B R I U M F R E E Z E -O U T
In this Appendix we will derive the rate of energy input from the disintegration of radioactive nuclei, after freeze-out from nuclear statistical equilibrium (NSE). After NSE is established, at temperatures in excess of ,5X5 Â 10 9 K, the relative abundance of each species with respect to p and n (or p and a, or any other pair of reference nuclei) is given by a nuclear Saha equation (see e.g. Clifford & Tayler 1965) . The absolute abundance is determined requiring baryon number and charge conservation. In an explosion, as a result of matter expansion, the temperature decreases, the nuclear reactions slow down and the reaction time eventually becomes so large that the abundances change only because of weak interactions. This phase is known as the freezeout of the NSE, in which the mass fractions are mainly a function of the neutron excess, h ; N i 2 Z i aA i 1 2 2Y e , where N i , Z i and A i are, respectively, the neutron number, the atomic number and the baryon number of nucleus i, and Y e is the mean electron mole number. Hartmann, Woosley & El Eid (1985) showed that the composition obtained using the Saha equation for nuclei in NSE constitutes a good approximation to the composition after freeze-out, even if the NSE composition is computed at low temperatures.
After NSE freeze-out, the radioactive species start to disintegrate, owing to the weak interactions. As the composition in NSE is a strong function of the neutron excess, h, the mass fraction in the form of radioactive nuclei also depends strongly on h. In Fig. A1 (top) is plotted the radioactive energy reservoir of NSE material, Y i Q i , as a function of its neutron excess. Here, Y i is as usual the molar fraction of nucleus i, while Q i is the sum of the energies released by the successive decays of nucleus i and its radioactive products, until a stable isobar is reached. The q 1999 RAS, MNRAS 308, 928±938 Figure A1 . Top: Normalized radioactive energy reservoir of material in NSE, and mean disintegration rate (in s), as a function of the neutron excess (see text for explanation). Bottom: Fraction of the radioactive energy stored in NSE contributed by different nuclei, as a function of neutron excess.
